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Abstract 

An analysis of the structure and singularities of the one loop two point function 
of the higher spin traceless and conserved currents constructed from the single 
scalar field in AdS space is presented. The detailed renormalization procedure is 
constructed and the quantum violation of the traceless Ward identity is investi- 
gated. The connection with the one loop effective action for higher spin gauge 
fields is discussed. 
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1 Introduction 



The increasing interest in the complicated problem of quantization and interac- 
tion of the higher spin gauge theories in AdS space PJ E] is connected with the 
AdS^/CFT^ correspondence of the critical O(N) sigma model and four dimen- 
sional higher spin gauge theory in anti de Sitter space (HS(4)) proposed in j^j. 
This special case of general AdS /C FT correspondence can be used for direct re- 
construction of the unknown bulk interaction from the well developed boundary 
theory [H Ej. This unique case is interesting also in view of the properties of 
the renormalization group flow from the free field unstable point of the boundary 
O(N) vector model with the stable critical interacting conformal point in the 
large -N limit by the deformation with the double trace marginal operator. This 
flow should correspond to the quantum behaviour on the bulk side of the same 
higher spin theory (HS(4)) and different boundary conditions for the quantized 
scalar field Note that in the second and nontrivial conformal point of the 
d = 3 sigma model all higher spin currents except the energy-momentum tensor 
(spin two) are conserved only in the large N limit and their divergence is of first 
order in On the bulk side this must correspond to a certain mass generation 
mechanism on the one loop level (again order of i) of the interacting HS(4) 
gauge theory. This mass generation mechanism was considered in our previous 
articles pH IE] ■ ^ n this article we want to consider the bulk mirror of the insta- 
bility of the free field conformal point of the boundary theory. The main idea is 
the following: Because any interaction pulls the free theory out of the conformal 
point with an infinite number of the higher even spin conserved traceless cur- 
rents (corresponding to the traceless higher spin gauge fields on the bulk) any 
one loop self energy graph constructed using any possible (self) interaction of the 
corresponding gauge higher spin field on the bulk should violate tracelessness of 
the latter. Here we will investigate only the simplest possible minimal gauge field 
times current interaction of the HS field with the bulk scalar field constructed in 
[§] and consider the behaviour of the short distance singularities in the coordinate 
space of the corresponding one loop two point function of the conserved currents 
responsible for the renormalization of the propagator of the HS gauge fields. We 
prove that correct regularization and renormalization leads to the violation of 
the traceless Ward identities when we maintain the quantum level conservation 
Ward identities (quantum gauge invariance). We call this phenomenon Higher 
spin trace anomaly due to the analogy with the conformal trace anomaly of the 
energy momentum tensor which is the spin equal two case of our general spin 
consideration. 
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2 Conserved current in AdS 



Using our notation of the previous papers [HJ El HQj we consider the minimal 
interaction of the conformal higher spin field with the conserved traceless current 
constructed from the conformally coupled scalar in AdS± space*. 




a 

Here is the spin £ gauge field and J^(a;z) = j£ ..ji,^ 1 • • • i ft the con- 
served traceless current constructed from the conformally coupled scalar a(z) |Hj 
in D = d + 1 dimensional AdS space 

J^(z;a) = 1 -J2A p (aVy- p a(z) (aVf a(z) 



2 

p=0 



2 



-1 



+- J2 B p V m <t(s) (aVr 1 



P =i 
P =i 

where A p = A e _ p , B p = Bi_ p , C p = C7e_ p and A = 1. The tracelessness condition 



T We will use Euclidian AdSd+i with conformal flat metric, curvature and covariant deriva- 
tives satisfying 

L 2 _ L d+1 

ds 2 = g ltv {z)dz ,i dz v = ^dz^ dz v , y/g = T^oyi+i ' 

[V„, V,] V£ = VK? - V Vx , 



For shortening the notation and calculation we contract all rank I symmetric tensors with the 
Mold tensor product of a vector . 
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fixes relations between B p , C p and A p in the following way jTT] 

p(£ - p) 

^ " - (jD + 2 £-4) Ap ' (dj 
C P = 2(D+ ~ 2 ^_ 4) [*(P + !. £ > D ) A ^ + s ^ ~ * + M, D ) A p-i) » ( 4 ) 
s t (p, D) = ~p(p - 1)D(D - 2) + ~p(p - l)(p - 2)(£ + 2D - 5) . (5) 
The unknown A p can be fixed using the conservation condition for the current 

V • d a jW(z; a) = V'-JLjWfr a) = 0. (6) 
This leads to a recursion relation with the same solution for the A p coefficients 



12] as in the flat D = d + 1 dimensional case 

/A /£+D-4\ 

For the important case .D = 4 this formula simplifies to 



A P = (-l) p 



V 



The result of our previous consideration ^Tj was the following: the curvature 
corrections do not change flat space tracelessness and conservation conditions 
between leading coefficients and therefore the solution (J7J) remains valid. So we 
can concentrate in the future only on the first part of our currents described by 
the first set of coefficients (JEK^4 terms) in four dimensional AdS space 

1 i 

jM(z;a) = -^A p {aVf~ p a{z)(aS7) p o{z) + B&C terms (9) 

p=0 

knowing for sure that all trace (B-) and curvature (C-) terms are not essential 
for quantum dynamics considered here and could be restored from kinematical 
considerations and commutation relations of covariant derivatives in AdS space. 
In the center of our interest here we will put the following self-energy one loop 
diagram constructed from the A term of our interaction current in coordinate 
space 




a 
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This diagram is connected to the two point function of the currents in the 
standard way 

h®( Zl ; a)d a -~d a < J (e \zu a)jW{z 2 ; c) > % ■ th^{z 2 ; c). (10) 

The quantum one loop behaviour, singularity and renormalization of this two 
point function will be explored in the next sections. 



3 Loop function and Ward identity 

For the calculation of the one loop two point function 

nW(z i; a\z 2 ; c) :=< J^i! a)J^(z 2 ; c) > (11) 

we have to insert corresponding A terms of currents in (|TT|) and apply just 
Wick's theorem. The propagator of the scalar field in AdS^ quantized with a 
boundary condition corresponding to the free conformal point of the boundary 
O(N) model is* 

< ff( *w*)>= 5 L( f i T + ? i T ), (12) 

where 

_ {zlf + {zlf + (g - z 2 f 
C " 2zj4 {V6) 

and C — 1 is the invariant geodesic distance in AdS. Due to this property our 
correlation function depends only on the AdS invariant geodesic distance and it's 
derivatives exactly as in the case of the higher spin propagator described in our 
previous article [TO] . The general rule for working with such objects is analyzed in 
detail in the same article. The main point is the following. The tensorial structure 
of any two point function in AdS space can be described using a general basis of 
the independent bitensors [T3], [Hj, [TH], [IS] 

/i(o,c) :=(a9) 1 (c9) 2 C(z 1 ,z 2 ), (14) 

J 2 (a, c) := (ad) 1 ((z 1 , z 2 ){cd) 2 C{z 1 , z 2 ), (15) 

I 3 (a,c) :=ajl 2 2c + c 2 2 I 2 la , (16) 

h := a\cl (17) 

h a := (a<9)i( {zx,z 2 ) , I 2c := (cd) 2 ((zi, z 2 ), (18) 

( q£ )) 1 = mJL (c9 ) 2 = c m^. ) (19) 



(I 



1 = g^zJaPa", 4 = g^(z 2 yc v . (20) 



■^From now on we put L = 1. 
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In this case this basis should appear automatically after contractions of scalars 
and action of the vertex derivatives. In general we have to get an expansion with 
all four basis elements 

U e (zua\z 2 ;c) = ¥[F] + ^ jnjm^in+m)^^ ^ 

n,m;0<2(n+m)<e 

Here we introduce a special map from the set {Fk(()} e k=Q of the £ + 1 functions 
of ( to the space of £ x £ bitensors 

t 

¥\F\ = It h (a> c)#(a, o)F k (C). (22) 

fc=0 

But because for the analysis of short distance singularities (£ — ► 1) only the A 
terms of currents are important for us, we will restrict our consideration on the 
first part of (|2~T]) connected with the I\ , 1 2 bitensors calling all monomials corre- 
sponding to J 3 and J 4 in the above sum and the corresponding sets of functions 

{G (n,m) y^n+m) ^ „ trace terms „ 

Il^zi; a\z 2 ; c) = ty £ [F] + trace terms. (23) 

So all our calculations will be with exception of 0(a 2 ) and 0(c 2 ) terms. These 
trace terms in principle can be analyzed using the computer program All 
important relations for the calculations to be performed below can be found in 
[TUj and listed in Appendix A of this article. In the main text we will only present 
the so called general multigradient map for the scalar function of £ 

(c • V)!(a • V)fF(C) = £ -ii-FW(()/rX ?+n ^ + traces, (24) 

^ (p-q + n)\ 

F (fc) (C):=^F(C) , P>q- (25) 

Now we are ready to calculate the correlation function Substituting 
(JHJ) in (fTTj) and using fl2|) . (JHJ) and after some manipulations we obtain the 
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following formula for our two point function 



1 ' 

U e ( Zl ; a\z 2 ; c) = ^ ^ J i~ fcj M(0 + traces, (26) 

k=0 

e+k 

rKo = EC K n9 (o + ^r d (o + $r(0} , (27) 
- (-1)^0^+^)! ^ (-ir 9 00(,- P )C-JU-J m) 

*r(o = (c _ 1 1 )m+2 , (29) 

*no = (c+1 x )m+2 ; (30) 

2 « 

(C) = 7? _ l)r+l^ + 5 (^fc,^ = Qk,l+k-r) , (31) 

where in (j27|) we separated the singular, regular and mixed parts in view of their 
short distance behaviour at £ — ► 1. 

For the investigation of the short distance singularities at £ — > 1 we have to 
take into account the following: 

• h(a,c;() -> ^ if C — »• 1 - 

• J 2 (a, c; C) -> but is finite when ( -> 1 . 

• Singularities start from (( — 1)~ 2 because in D = 4 ^d 4 z behaves as 
(C 2 — l)c?C (will be shown in Appendix A). 

The next important point is the singular part of the mixed terms coming from 
({HI]) . These terms are expanded as 

*2T* : =* w fl2j. (32) 

Fk,sing = 27^4 E a fc,m(^ _ ^ " ^ (33) 
m=2 

og n = 2- £ - 1+w E (-l^-M + r (34) 

In Appendix B we prove that the bitensor (|32p formed by the singular mixed 
part can be expressed as a bigradient of a spin £ — 1 bitensor 

^T d [ F si 9 \ = (« • Vr)(c • V 2 )v^)[G], (35) 
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formed by the set of functions Gf ^(C)- Moreover this procedure can be contin- 
ued recursively in I if we separate the singular part of [Gr] and express the 
latter as a gradient term. The final formula is 



*l7 xed = D( a • v ^ c • v ^ n £ 'i- n -% fc C n) (c - 1)-*- 1 - (36) 

n=l k=0 



Both (J35j) and (J36)) are derived in Appendix B. By (J36|) the singular part of 
■q,(i)mixed j g expressed as a sum of powers of bigradients applied to regular (inte- 
grable) functions. The whole expression is therefore a well-defined distribu- 
tion and does not need any regularization if we apply extracted derivatives on 
nonsingular external higher spin gauge fields in the effective action. This allows 
us to concentrate on the main singular part of the correlation function (J26|) 

n V, c;0 = 2^£ ( * 1Y l + 2 £ Qlr, (37) 

k=0 VS ' r=0 

which can not be presented in such a form (|3l)|). 

The crucial point here is the possibility to sum the coefficients Q e k r because 
the main singularity ([29)1 does not depend on the index r. Indeed we can observe 
the following important identity 



E*,r=(-l) m (20!Q, (3* 



r=0 

or explicitly 

(£+*)! ^ (-ir'Q(:)( r - P )(A)UA) _f2Am ,,„, 

Unfortunately we have no analytic proof of identity (|39|) but we are absolutely 
sure that it is right because we have checked this strange identity for many 
possible numbers I and k with a computer program (Mathematica 5). Thus 
using (|38|) we can immediately sum (J37)) and obtain the following nice relation 

The beauty of the expression (|40j) is the following: This main singular part 
of our loop function is satisfying the naive Ward identities following from the 
conservation and tracelessness conditions of our currents (0),© directly without 
contribution of the corresponding partner trace terms described by the expansion 
in the other two bitensors I3, 14 

n a U e (a, c; C) = (V • d a )U e (a, c; () = 0. (41) 
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Here IT is considered as analytic function on (. In the next section we will 
introduce a correct regularization and renormalization of ()40|) and investigate 
the quantum violation of the tracelessness condition. 



4 Extraction of singularities and renormaliza- 
tion 

Now we introduce the correct regularization for extracting the singularities from 
(140)1 . For convenience we can use instead of ( as equivalent invariant variable - 
the chordal distance 



"=<- 1=i i^f- (42) 

For this variable the singularity is located at u — > 0. Then expanding again (|40j) 
in the form 



[-mm 

2 

= (-!)*( tl-rizj, (ID 



^(a, c; it) = ^Li^ £ jf-'jfF* («), (43) 



we realize that the main task is the extraction of the singularities from the bare 
distributions Fj? ~ u~ n , n G N. This can be done by shifting the integer n by 
some infinitesimal amount e i.e. u e ~ n . Considering some smooth test function 
f(u),u G R + and using a Laplace transformation (f(u) = J dse~ us f(s)) we can 
write 

f(v) f°° 
^du = dsf(s)s n -^ 1 T(e-n + l) (45) 

= {-^Ty. + reg - part ) • (46) 

So we see that the singular part of our distribution is the n — 1 order derivative 
of the delta function 

1( " 1) ^ 1 5("- 1 )( M ). (47) 



j Si n g e(n-l)! 

The next step is to connect this e shifting with some gauge invariant scheme 
such as dimensional regularization for our bare correlator formed by the set of 
distributions (|44|) and the Ward identities (|41|) . Finally we will preserve the Ward 
identity of current conservation necessary for gauge invariance and extract the 
violation of tracelessness for this case. 
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For doing this note that the set F k satisfies the conservation and tracelessness 
conditions for d = 3 (D = 4) if we understand them as analytic functions of u. 
Using (fA"28|l and (fA"30|) for d = 3 we can see that 



(DiviF )l = 0, (Tr,F B ) d k =i = 0. (48) 

On the other hand it is easy to see that we can satisfy Ward identities for general 
d if we regularize the bare distributions in the following way 

*f = <-U*Q^, <«) 

which depends analytically on d with a pole at d — 3. Actually we need to 
check only the conservation condition (jA.28|) because tracelessness flA.30|) does 
not include derivatives and dimension. Indeed 

(Dtv e F R ) k = (£ - k)(u + l)d u F R + (k + l)u{u + 2)d u F R +1 

+(£ -k)(£ + d + k)F R + (k + l){£ + d + k + l)(u + 1)F* +1 = 0, (50) 

(Tr £ F R ) k = (£ — k)(£ — k — l)F k R + 2(k + 1)(£ - k - l)(u + l)F k R +1 

+ (k + 2)(k + l)u(u + 2)F* +2 = 0, (51) 

hold analytically in d. So we can just put in (|50 |) .(|5l | d = 3 — e and say that we 
constructed the regularized Ward identities. 

Then the procedure is more or less standard. We can split (f4T)|) for d = 3 — e 
in a singular and renormalized parts using ()47j) 

F k R (u) = Q [} t { ^T+\)f +k+1){u) + fk{u) ) + Ffc&n(u) ' (52) 

where we included also a set of finite distributions fk(u) (without e pole) to 
describe the finite renormalization freedom. Analyzing (jo^j) we can say that our 
singular part corresponds to the local counterterms of the effective action because 
each is proportional to a derivative of the delta function. On the other side the 
renormalized correlation function formed by F k Ren (u) will on the quantum level 
get the same trace as a subtracted singular part but with opposite sign because the 
regularized expression is traceless and conserved. So we can insert the subtraction 
parts 

^«)-QG(^f^^ +1,( " )+aw ) (53) 

in the regularized current conservation Ward identity (|5U|) for d = 3 — e and 
obtain equations for the set of after sending e — > . Using the relation 

u5^ n \u) = —n5^ n ^(u) we obtain 

(u + l)f k + u(u + 2)f k+1 + (£ + 3 + k)f k + (£ + 4 + k)(u+ l)f k+1 

A(<M-fc+2) 
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For finding a solution we introduce a suitable ansatz 



/*M = g < + . + 1 l> (55) 

Substituting (jo3|) in (p>fj) we obtain the following recursion equations for the 
unknown coefficients g\ 



(£ + fc + 1 - 2p) p+1 (£ + k — 2p) p+1 

p=l,2,...k, (57) 



{i + ll 2p)p+2 (9l + i 9k) 



9tt\ ~ 9t +1 = 0. (58) 

Now note that the following nontrivial expression solves the recursion ()57j) with 
initial condition (|5^j) (see the proof in Appendix C) 



p 



9% 



-iy( P -i)\ 



2P(£ + k + 2-p) p 

[P/2] 



m * i | / \ / _ \ 

+ £ | L n ( £ + fc - 2 <P - n - tyr-toAp-n, (59) 

n=0 V / V / 

where Ai, ... A^ is a set of I unknown constants. Substituting this solution in the 
so-called cutting conditions (|58|) we obtain i linear equations for the unknown 
constants A n in triangular form 

/ [ fe / 2 l 9 fc+l-n a f 9 \ 



(£ + A; + 2)! ^ n! V fc - 2 ^ 

So we prove that there is a consistent solution for the equations (J51j) and we 
manage that the singular part of the correlation function with an appropriate 
choice of the finite part fk does not violate the gauge Ward identity. Of course this 
solution violates tracelessness of the loop function due to the existence of the finite 
part and we can say that we observed a higher spin version of the trace anomaly. 
The important point is the following: Even after the violation of tracelessness our 
theory is still in the framework of Fronsdal's pQ gauge invariance for massless but 
only double traceless gauge fields. In this formulation the conservation condition 
for the currents with the nonzero trace looks like 

V^J^(a;z) = 0(a 2 ). (61) 
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This corresponds to the usual conservation for the part of the currents expanded 
in Ji, J 2 bitensors which we actually checked here. Finally note that because the 
initial conditions ()56j) include only the difference between pairs of neighboring 
variables we have as one degree of freedom an arbitrary g$. This we can 
interpret as an arbitrary renormalization point. 



5 Renormalization and RG equations 

Now we return to (f52~|) 

F » = Q (l ( ? i ^TT/ ' +t+ "W + A(«)) + ^ Re ». (62) 

where the finite renormalization part is (|55|) 

/*("> = E ^TXTT^ - (63) 

The set of unknown constants g v k we can find from the system of equations (|56j) - 
(EEJ). 

We note that because the initial conditions include only the difference 
between pairs of neighboring variables g® we have as one degree of freedom an 
arbitrary g® = (—l) e+1 fi. The parameter /i we can interpret as an arbitrary 
renormalization point. The important point here is the following: Equation A 5 6)) 
leads to the special dependence of all the g° from /i 

g° k = (-l) e+1 H + ~g° k , ~9°o=0 (64) 
So we obtain the following dependence of the renormalized and singular parts on 

(-iY +1 



F k R (u) 



1 

- + n 

e 



(£ + k + l)\ 



8^ k+1 \u) + f h (u;gl) +if e >,^), (66) 



Then in a standard way we can derive the RG equations from the \x independence 
of the regularized set -^F^{u) = 



Using this and our integration procedure from the next section we can express 
the RG equations by the effective action 
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6 Singular parts of the effective action and in- 
tegration 

The singular part of the two point function of the higher spin currents in AdSj+i 
space can be expressed in the following form 



K(a, c; z 1} z 2 ) = 7 i k ( a > C ) J 2 K c)F^(u; fj) 



k=0 



1 

- + \L 

e 



■\Y +1 



{i + k + i) 



ft ~ P , 6&™-*\u) 
fk(u;g p k ) = 2^ 9k] 



We are going to investigate the following integral 

h {e \a; zx) * 0l K(a, c; z u z 2 ) * C2 h (e) (c; z 2 ) 



(68) 
(69) 
(70) 



"0.1 



y/gd^Zi 



^ a ^ ^1 



^/gd 4 z 1 * a 



(71) 
(72) 



First of all we have to express 8^ n '(u) as a combination of the covariant deriva- 
tives of the four dimensional delta function in the general coordinate system. It is 
possible because the parameter u is an AdS invariant variable. We start from the 
covariant delta function in the curved space with the metric g^ v {z) and invariant 
measure dfi(z) = Jgd A z 



8u){z - a) 



'9{z) 



5(4) [z — a)d 4 z = 1 



In the polar coordinate system (see Appendix A) the invariant measure is 

dfi(z) = ^fgd A z = u(u + 2)dud£l 3 

Therefore we can define 

5(4) (Z - Zp i e ) 



u5 [1 \u) = -8{u) 
Applying ()A.33j) we can derive 

8^(u) 



u(u + 2)fi 3 



{u + 2)fi 3 



(u + 2 □■ 



u + 2 



2n5 {n+1 \u) + [2 - n(n + l)]S {n) {u) 



(73) 

(74) 

(75) 
(76) 

(77) 
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which can be formulated as a recursion for the object (j) n (u) = 



u+2 



<f> n +i{u) = -D n (j) n (u) (78) 
D n = i-[D + 2-n(n + l)] (79) 



<5( 4 ) (z— z pote ) 

icuauoc s^iv"; — 

solution of (J78)) in the form 



So it is easy to see that because 4>i[u) = — (4) z Jz2 le i] 3 we can express the 



d> n+1 ( U ) = (-ir +i n 3 m M 5{4){z 'Jr le) (so) 



, m=l 



Then using 8^ n \u) = 2<p n — n0 n _i we obtain the final conversion formula 



n-2 



*<»>(«) = (-l)^a {2^! +n} j J] A» [ 5 ^ Z *T le) (81) 

tm=l J V 9\ ) 

Now we concentrate on the singular and \x dependent part of 

hfc+i) 



^2 



(82) 

Admitting that our higher spin gauge field is transversal and traceless and inte- 
grating partially we obtain 

[i + //](-l)*+W^(a; * ai /{^(n) * C2 /»W(q 2%,), (83) 

1 V (-*)* _ 1 ^ 
(*+l) 2- + 2), (21 +1)1! 1 j 



Next we describe the way to take one integral in (|83|). Considering the following 
expression 

tf(a; z a ) = (-l)' +1 ^lf^ +1 >( U ) * C2 fcW(q z 2 ), (85) 

we can using a conformal transformation fix the point pole for the coor- 

dinate system z 2 - m this case we can insert directly conversion formula (|81|) and 
obtain 

K(a; z pole ) = Z'tlJi [2D, + (I + 1)} J ff D m \ S ^J~^ ^ h W( c; Z2 ) 

(86) 
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Remembering the following formula (for transverse and traceless h^) 

ni% 2 hW( C] z 2 ) = lf* C2 {□ + i} hW(c; z 2 ) (87) 

we obtain finally 



i-i r 



K(a; z. 



pole ) 



2Dt + (£ + 2)} n 



m=l 



D, 



2m 



c; z) 



(88) 

With the help of this formula and ()66|) the singular part of the one loop effective 
action ([82]) for transversal and traceless external spin t field can be expressed in 
the following local form 



1 

- + t* 
e 



£-1 r- 

^(□)={2A+(^+2)}n 



m=l 



An + — 

2m 



(89) 
(90) 



Then from ([67]) the scale anomaly (integrated trace anomaly) for the renormalized 
effective action comes out as 



d 



d 



4 l l 



(91) 



In the case of I = 2 this integral should be proportional to the integrated 
square of the gravitational Weyl tensor linearized in the AdS± background (see 
[T9] and ref. there) 

CZ{G)C X ?{G) = RZ(G)R%(G) - 2R^{G)R, V {G) + \r{G)R{G) (92) 



(93) 



For traceless and transversal h^J in an AdS± background (we put as before L=l) 
we have 



and straightforward calculations lead to 



(94) 
(95) 

(96) 
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Then we can evaluate ()90|) for I = 2 and obtain 



K 2 {U) = - [n 2 + 6D + 8] . 



So we see that 



Z 2 Q ? 



rf*zC%{h<a)c>*{hF> 



(97) 



(9£ 



Finally note that if our external higher spin field is on-shell we can replace 
all Laplacians using the equation of motion 



A,(A,-3)/iW 
d 



a a h^ = V»i-hW = 0, 
A e = £ + 1. 



(99) 
(100) 
(101) 



Conclusions 

In this article we considered the two point correlation function for traceless con- 
served higher spin currents in AdS±. Using a kind of dimensional regularization 
scheme we defined the correct renormalization procedure for the one loop diagram 
corresponding to this correlator and investigated the Ward identities. We have 
shown that extracting the delta function singularities we can define the renormal- 
ization in a gauge invariant way and obtain the violation of tracelessness. This 
means that we observed a trace anomaly for higher spin currents. This result was 
used for the derivation of the one loop anomalous effective action of the conformal 
scalar in AdS space that is minimally coupled to the higher spin external field 
or for the investigation of the one-loop renormalized propagators for the higher 
spin conformal gauge fields with linearized interaction with the conformal scalar. 
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Appendix A 

The Euclidian AdSd+i metric 



ds 2 = g^(z)dz»dz u = -^-b^dz^dz" (A.f 

\ z ) 



can be realized as an induced metric for the hypersphere defined by the following 
embedding procedure in d + 2 dimensional Minkowski space 



X A X B VAB = -X\ + Xl + J2 X " = - 1 ' ( A - 2 ) 

i=l 

X^z) = \ ( 1 + ilSti^V (A.3) 
2 yz z J 

X (z) = \{-~ *° 2 + Etl * f ) , (A.4) 
2 \z z J 

X t (z) = ^. (A.5) 
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Using this embedding rules we can realize that the geodesic distance ((z,w) is 
just an SO(l,d+ 1) invariant scalar product 

-X A (z)Y B (w)r) AB = ^— ^2z w + Y£z - wf)j = £ (A.6) 

and therefore can be realized by a hyperbolic angle. Indeed we can introduce 
another embedding 

X_i(e,w„) = coshG, (A.7) 

d 

X M (0,^ M ) = sinner , ^^ = 1, (A.8) 

fi=0 

ds 2 = d& 2 + sinh 2 6 dVt d . (A.9) 

In these coordinates the geodesic distance between an arbitrary point X A (Q, f2 M ) 
and the pole of the hypersphere Y A (Q = 0, oo^) is simply 

C = -X A Y B r] AB = cosh 9. (A. 10) 

Therefore the invariant measure is expressed as 

^jdQdVL d = (sinh &) d d&dn d = (C 2 - l)^dCdVL d . (A.ll) 

So we see that the integration measure for d = 3 (D = d + 1 = 4) will cancel 
one order of (£ — l)~ n in short distance singularities and we have to count the 
singularities starting from (£ — 1)~ 2 . 

In this article we use the following rules and relations for ((z, z'), I\ a , I2 C and 
the bitensorial basis {h}f =1 

□C = (d + i)C, v^c = ^C, ^c^C = C 2 -i, (A.12) 
c^CV^C = C^C, d^CVdsC = vv + d^CdsC, (A.13) 
V„9„^CV"C = &C&<, V„9,^C = <?^C, (A.14) 

^ /la^-Aa = C 2 - 1, ^-h^-ha = Chc, (A.15) 



<9a^ <9a M <9a^ <9a M 

^/x^/i - c 2 + 4, - CIL = 2(d + 1)4 (A.16) 

^2^-/2 = (C 2 - 1)4, □ a /3 = 2(rf+l)/ 2 c + 2c 2 (C 2 -l), (A.17) 
V^/i = (d+l)/ 2c , V ^ J 2 = (d + 2)(I 2c , Whd,( = / 2 ,(A.18) 
V^/ 3 = 4/ 1 / 2c + 2(d + 2)Cc 2 / la , V^/ 2 ^C = 2C/ 2 , (A.19) 
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d W = Che, ^-hd,( = (C 2 - l)hc, 



d d 



(9 

rv7 r _ oat r V7M r V7 r _ ^2 • 



V/iV^/a = / 2 /i + a?C/ 2c , n/ 2 = (d + 2 

V7H r w r 7"2 i J J „2 r2 /2 , J j2 



,2/ 



a"V,/ 2 = aXhc + hah, V/i^C = ^2 

9C J 



(9 

— JiV^/i = Ji/ 2c , 


(A.20) 


h — hch, 


(A.21) 


Uh = I u 


(A.22) 


: + 


(A.23) 




(A.24) 




(A.25) 




(A.26) 



Using these relations we can derive (Fj. := -^F k (Q) 



• Divergence map 

Vt^-¥[F] = I 2c ¥- l [DivzF] + 0(4), (A.27) 

(£Kt;,F) fc = (€ - fc)C*Z + (k + 1)(C 2 - l)F' k+l 

+(£ -k)(£ + d + k)F k + (k + l)(£ + d + k + l)(F k+1 . (A.28) 

• Trace map 

a a ^[F] = I 2 2c ¥- 2 [TnF] + 0(c 2 ), (A.29) 
(Tr,F) fe — (£ — k)(£ -k - l)F k + 2(k + l)(£ — k — l)(F k+1 

+ (k + 2)(k + l)(( 2 -l)F k+2 . (A.30) 

• Laplacian map 

n^ e [F] = ¥[Lap e F] + 0(a 2 l7 c 2 ), (A.31) 

(La Pe F) k = (C 2 - l)F' k ' + (d + 1 + 4A;)Ci^ + [£ + fc(d + 21 - k)}F k 

+2((k + l) 2 F k+1 + 2(£-k + 1)F^, (A.32) 

□*fc(0 = (C 2 - 1)^' + (d + l)Cn- (A- 33 ) 

• Gradient map 

(a • V)i*'[F] = I la * e [Grad e F] + 0(a 2 ), (A.34) 

(Grad e F) k = F' k + (k + l)F k+1 . (A.35) 

• Bigradient map 

[G] = ( a • Vi)(c • V 2 )*W [F] + 0(a 2 , c 2 ), (A.36) 

Gu = F'UiQ + (2k + l)^(C) + (fc + l) 2 F fc+1 (A.37) 
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Appendix B 



F?] in = G'U(C) + (2k + l)G' k (C) + (k + l) 2 G k+1 (B.l) 



Considering as an ansatz we must solve (see (|A.34j) ) the system of differential 
equations 

i, 

k,sing 

(= means: modulo regular terms). Since G k = for k > £, this system is solved 
recursively, starting with k = £, and lowering k step by step. The arbitrary 
polynomials of ( obtained by integration are discarded since they are regular. 
The solution {GkY k Z} is therefore unique. 
From ()33j) we obtain as solution 

e+i t-k (i) 

where P n (x) are polynomials of degree n defined by 

Pn(x) = ^(x + l) n+1 = (x + l) n+1 ^(x + n + 2) - ^(x + 1)]. (B.3) 

By integration of a singular term (£ — 1)~ 2 we obtain a regular term (£ — 1) . 
This has happened in ()B.2j) : The term m = 2 is regular. Discarding this "leading 
regular term" and renumbering the sum we get 

i e-k (£) 

g *= e e / fc nr p n-i( fc )(c - i)-" 1 "" > (b.4) 

(m + fc)n+i 

For fc = we obtain a differential equation from (|B.1J) which acts as an 
integrability constraint 

i, _ . 7 

0,sing 

Inserting the expansion (|35|) and ()B.2|) in ()B.4|) we get from ()B.5|) 
1 A-l 

V 7— -afl = for all 2 < m < £ + 1 (B.6) 
Of course it is sufficient to prove 

E(S^=o. < a7 > 

fc=0 v ;fc 

for all {r,m| < r < £+ 1 - m 2 <m <£+!}. 

f|B.7jl can be verified easily for simple cases m — £ + 1 ,r — or m = £ ,r = 
or r = 1. In general we prove it by computer. 



F o2inn ~ G'q ~ Gi= 0. (B.5) 
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From (JHHj) and (|B.2|) we derive an integration mapping for any fixed m which 



acts on { a 



t-k At) 

k.m 



n=l 

By trying on a computer one can show that this mapping can be repeated (with 
(£,m) next replaced by (£ — l,m — 1)) exactly n = m — 1 times. The resulting 
coefficient is denoted 

C°' ( B - 9 ) 
so that (JHEj) holds. It depends in fact on all three parameters £, k, n. For n = I 
it can be proved that 

b$ = 1, (B.10) 
whereas for n = i — 1 we have guessed from a finite number of examples 

6?J-i = ~e - 1)4 ,^L = -w 2 . (B.n) 



A simple consequence of (I36J) and (|B.10J) is that the maximal singular terms 

i n \§){£)mixed are 

*J£S; = [(o-Vi)(c.V 3 )] < (C-l)- 1 (B.12) 



Appendix C 

We make an ansatz for ^ (p > 1) 

b/2] ]p 
g p k = Yl ®P,n\-n(£ + k-2(p-n- l)) p _ 2n + „ \^ P _ . (CI) 

n=0 ^ 

and show that it is consistent with (|57)l if a p>n , 7 P satisfy the recursion relations 



_ (p + l)(p-2n) 
2(n + lj 



7 P +i = ^Plp, (C3) 



which by the initial conditions 

a P)0 = 1 (by definition) 



7i = I (C4) 
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imply 

<*»- M'XVJ. ^ 

7p = ^(p-1)!- (C.6) 
So we need to prove consistency of the ansatz (|C.1J) and the two recursion relations 

(103), Q. 

Eqn. (JoTj) is already written in a form that is suited for our strategy. Inserting 
flC.l|) in the r.h.s. of (J57j) . we obtain a difference equation for g^ +1 of first order 
which is solved by summation. The result is compared with the ansatz. After 
insertion of (|C.1J) the r.h.s. of (|H7j) is 

f b/2] 

-(p + 1) I J2 a pAP - 2n)A p ^ n [(£ + k- 2p) 2n+3 ]- 1 

^ n=0 

-(-l)^7 P [(^ + A:-2p) 2p+ 3]- 1 }. (C.7) 

For the summation we replace k by k' and sum Ylk~=o- m ^ ne ^ rs ^ term of (|C.7|) 
we have 

r {£-l-2p)\ 



+ k' - 2 P ) 2n+3 ] = — i 

fc'=0 ^ 

+ A: — 1 — 2p)! 
+ + 1 -2(p-ra))!. 



(£ + l-2(p-n))! 

(C. 



In the second term of (|C.7|) we have an analogous expression to sum with n 
replaced by p. 

On the l.h.s. of (J57j) we have after summation 

90 (C.9) 



(£ + A;-2p) p+1 (£-2p) p+1 ' 

Since for k = there is no p allowed by (J57J), we cancel #q +1 against the k- 
independent terms (resulting from k! = 0) on the r.h.s. Multiplying both sides 
with 

{£ + k-2p) p+1 , (CIO) 

and using 

(i + k- 2p) p+1 (£ + k - 1 - 2p)\ _ 

(£ + k + l-2(p-n))\ ~ {e + k 2[P H ^-H) 

the consistency of our ansatz and the correctness of (|C.2|) . (jC.3|) are easily in- 
spected. 
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